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C O N S T R U C T I O N  OF  T H E  C R E E P  E Q U A T I O N S  F O R  

M A T E R I A L S  W I T H  D I F F E R E N T  E X T E N S I O N  AND 

C O M P R E S S I O N  P R O P E R T I E S  

B .  V.  G o f e r ,  V.  V .  R u b a n o v ,  
a n d  O.  V .  S o s n i n  

UDC 539.376 

Const ruct ional  ma te r i a l s  of light al loys such as  a luminum-magnes ium and t i tanium possess  di f ferent  
tens i le  p rope r t i e s  for  tens ion and compress ion .  Whereas  the "instantaneous" e las toplas t ic  p roper t i e s  may  
dif fer  only slightly,  the d i f fe rence  in the p roper t i e s  under prolonged act ion (e.g.,  the durat ion up to f racture)  
may  r each  seve ra l  o r d e r s  of magnitude [1]. F igure  1 shows a d iagram of the c r eep  of VT-9  t i tanium alloy at  
a t e m p e r a t u r e  of 400~ with different  combinations of tension (compression)  and twisting at  a constant s t r e s s  

(Yi = (~-z + 3~),/~ = 72.5 kg/mm ~ 

in the form of the t ime-dependence  A = ae  + Z~. The  m ark s  on the d iagrams cor respond  to the marks  of the 
scheme of the s t r e s s e d  state  of the plane ~ - ~-3T. It can be seen  f rom the d iagram that the intensiVy of the 
c r ee p  p r o c e s s  with ~i = const  d e c r e a s e s  as the s t r e s s  s tate  changes f rom pure  tension to pure shear  and 
compress ion .  Here  for  compar i son  we show two d iagrams ,  namely,  pure tension with a i  = 71 kg/n~m 2 
(points 1) and twisting of a thin-walled tubular spec imen with a i = 77.5 k g / m m  2 (points 2), the intensity of 
the c r e e p  p r oc e s s  of which is the same.* The ezample  given c l ea r ly  i l lus t ra tes  the need to cons t ruc t  a 
theory  which would enable one to desc r ibe  c r e e p  in complex media.  

One of the f i r s t  a t tempts  to desc r ibe  c r e e p  in media  with d i f ferent  r e s i s t ance  to tension and c o m p r e s -  
s ion is desc r ibed  in [2], in which the actual  s t r e s s e s  a re  rep laced  by " r e d u c e d "  s t r e s s e s ,  and a theory  is 
cons t ruc ted  assuming  s imi la r i ty  between the devia tors  of the ra t es  of deformat ion and the " r e d u c e d "  s t r e s se s .  
This  method has  not been developed any fur ther ,  and in prac t ice  even simple problems lead to quite compl i -  
cated equations [3]. 

Another  approach is to cons t ruc t  c r eep  equations in the form of a dependence of the "equivalent  ra te  of 
deformat ion"  ~ on the "equivalent  s t r e s s "  ae ,  where  the intensi ty of the r a t e  of deformat ion  Vi = 
( 2/.q~?kl~? kl ) 1/2e is usually taken as  fie, while ae  is cons idered  as a function of the s t r e s s  tensor  invariants.  
The c r e e p  equation is supplemented by  the law of flow (e.g.,  by the gradient  ~?kl = k~a~ /aek / ,  where  a~ is 
not always the same as ~e ) [4, 5]. 

At tempts  have been to cons t ruc t  equations assuming  the exis tence  of a potential  c r eep  function which 
depends on the s t r e s s  tensor  invariants  and sca la r  p a r a m e t e r s  of the s t rengths  [6-13]. The potential, function 
is a s sumed  to be both smooth [6-8, 1Z] and p iecewise-smooth  [9, 11, 13], and equations have also been con-  
s t ruc ted  with more  genera l  assumptions [14]. 

When const ruct ing  defining equations the dif ferent  r e s i s t ance  to tension and compress ion  is taken into 
account  by introducing into ~e, in addit ion to the second invariant  of the s t r e s s  deviator ,  one of the (xld in- 
var ian t s :  In a number  of papers  p r e f e r ence  is given to the f i r s t  invariant  of the s t r e s s  tensor  [6, 9, 11, 15, 
16-18], while in o thers  p re fe rence  is given to the third invariant  of the s t r e s s  devia tor  [7, 8, 12, 14]. Al -  
though i t  is not our  purpose to make a more  detai led review of the papers  in this field, we will  i l lus t ra te  the 
mos t  typical  approaches  to const ruct ing defining equations containing in addition e i ther  the f i r s t  or third in-  
var ian t s  of the s t r e s s  t ensor  by using the example of the c r eep  of OT-4 t i tanium alloy at  a t empera tu re  of 
475~ and dif ferent  combinations of tension-twist ing and compress ion- twis t ing .  

* N. G. Torshenov  pe-rtic!pated in these exper iments .  

Novosibirsk.  T rans l a t ed  f rom Zhurnal  Pr ikladnoi  Mekhaniki i Tekhnicheskoi  Fiziki ,  No. 4, pp. 121-128, 
July-August ,  1979. Original a r t i c l e  submit ted  July 24, 1978. 
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The exper imenta l  p rog ram was ca r r i ed  out on specimens of the same geomet r ica l  shape and d imen-  
sions in o rder  to el iminate the possible effect  of scale factors .  Tubular  specimens  with external  and internal  
d iamete r s  of 20 m m  and 18 m m  and a length of the working par t  of 30 mm were  made f rom a single bar  25 
mm in d iameter  of OT-4 alloy. The specimens  were  not subjected to any the rmal  p rocess ing  after  manufac-  
ture.  The anisot ropic  p roper t i es  of the ma te r i a l  were  not checked. When analyzing the experimental  data we 
gave par t icu lar  at tention to the difference in the proper t ies  of the ma te r i a l  in tension and compress ion .  The 
exper iments  were  c a r r i e d  out on three  machines  in which the force and t empera tu re  modes of operation were  
f i r s t  checked and compared.  During the exper iment  f rom the condition of incompress ibi l i ty  of the ma te r i a l  
F0/0 = F/  at  each 0.5% axial deformat ion of the c r eep  we calculated the a rea  of c ross  sect ion of  the specimen 
F and the mean  radius of c ross  sect ion r = r 0 + Ar  (here F0 and F, /0 and / a re  the initial and cur ren t  
c r o s s - s e c t i o n a l  a r ea  of the specimen and the lengths of its operat ing par t ,  Ar  = roe  ~ = - - r 0 e z / 2 )  and f rom 
them we co r r ec t ed  the axial load and the torque in o rder  to maintain the s t r e s sed  state in the specimen con-  
stant. In the exper iments  on pure tension and a lso  for combinations of tension and a smal l  addition of torque 
the specimens  were  subjected to f rac ture .  For  other combinations of the s t r e s sed  state the exper iment  was 
discontinued when indications appeared of a loss of stabil i ty in the specimen. 

We will a s sume  that the c reep  in the ma te r i a l  in the s teady-s ta te  stage with uniaxial loading can be de -  
sc r ibed  by the re la t ion  

a'l = B[ol ~, (1) 

which when genera l ized to the case  of a spat ial  s t r e s sed  state leads to the re la t ion 

W -: B0(~:, I&: =~ o'i/l]i7. (2) 

Figure  2 shows in logar i thmic coordinates  the resu l t s  of exper iments  on pure tension (the c i rc les) ,  pure c o m -  
p res s ion  (the dark  points), and pure twisting (the c rosses ) ;  it can be seen that the index n for al l  three fo rms  
of loading is the same,  but r  is not the same as the intensity of these s t r e s s e s  ai. By process ing  the resul ts  
of these exper iments  using a re lat ion of the form (1) we obtain for the tension and compress ion ,  respect ively,  

B 1 : 13.3- i0-i~ (kg/:mm 2 )1-'h-1, B z : 7.5.i0-'~ -L, n : 5. (3) 

The c reep  equation (2), which contains in addition to the second invariant  of the s t r e s s  deviator  (the s t r e s s  
intensity) at = ((3/2)a~ a ~ )I/2, where r176 l = a~l - ~nnSk/, the first invariant of the stress tensor II : 

l kl k 
ann, also,  can, e.g. ,  be represen ted  in the form 

W : ~ [B~ (l - Id<~) + B. (i --  1,/(~)1 (~, (4) 
0 ~ .  l 

with the additional l imitat ion - 1  <_ I1/a i  - 1 and I I1/r  ~- 1 outside this interval.  

In the space of the principal  s t r e s s e s  the surface W = const  according to (4) r ep resen t s  two compon-  
ents equally inclined to the coordinate axes of the cylinder with a t rans i t ion  region. When the difference in the 
proper t ies  for tension and compress ion  is reduced re la t ion (4) reduces  to the well-known relat ion for i so -  
t ropic  media  in accordance  with Mises c r i t e r ion  with the associa ted  flow law. In Fig. 3 the number 1 r e p r e -  
sents the contour W = const  in the plane al - ~2, const ructed f rom relat ion (4) with the cha rac te r i s t i c s  (3). 
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In T a b l e  1 we  give  e x p e r i m e n t a l  da ta  o f  the r a t e s  of  d e f o r m a t i o n  of  the c r e e p  ~ = d e / d r  and ~ = d~//dt,  c o r -  
r e s p o n d i n g  to d i f f e r e n t  combina t i ons  of  a and r .  In the  co lumns  71 and ~l we  show the ca l cu l a t ed  va lues  of  
the  r a t e s  of  d e f o r m a t i o n  obta ined  f r o m  Eq. (4). T h e  points  in Fig.  3 denote  the  e x p e r i m e n t a l  va lue s  of  W = 
~ + r 7 o f  the  f i r s t  s e v e n  e x p e r i m e n t s  in T a b l e  1. 

By  ana logy  wi th  (4) we c a n  g ive  a g e n e r a l i z a t i o n  o f  the T r e s k - S t .  Venan t  c r i t e r i o n  in the  f o r m  

' ~ ' / J  (5) 
a ' c r a  

"~J ~ k2 ao*-'~' T'm ~ (~1 - -  G3, G1 > ff$ > q3 

with  t h e 4 i m i t a t i o n s  - 1  ~ I1/T m _< 1 and t I 1 / T m l  - 1 outs ide  th is  in te rva l .  

In the s p a c e  o f  the  p r inc ipa l  s t r e s s e s  the s u r f a c e  W = c o n s t  a c c o r d i n g  to (5) r e p r e s e n t s  two s i x - s i d e d  
p r i s m s  equa l ly  inc l ined  to  the c o o r d i n a t e  a x e s ,  connec ted  by  a p y r a m i d a l  r e g i o m  When  B1 a p p r o a c h e s  B2 
r e l a t i o n s  (5) r e d u c e  to  the  m a x i m u m  tangen t ia l  s t r e s s  c r i t e r i o n  wi th  the  a s s o c i a t e d  flow law, wel l  known for  
i s o t r o p i c  med ia .  In Fig .  3 the  n u m b e r  2 deno tes  the  con tour  W = cons t ,  c o n s t r u c t e d  f r o m  r e l a t i o n  (5) with the 
s a m e  c h a r a c t e r i s t i c s  (3). In co lumns  ~12 and ~2 in T a b l e  1 we show the ca lcu fa ted  va lues  of  the  r a t e s  of  d e -  
f o r m a t i o n  of  the c r e e p  obta ined  f r o m  t h e s e  r e l a t i ons .  

An  e x a m p l e  of  the c r e e p  equa t ion  the  a r g u m e n t s  of  which  conta in  the second  and th i rd  inva r i an t s  of the  

s t r e s s  d e v i a t o r  is  

W = B [(1 + asia 3~) (xil '~, ~lu = k3 ~ ,  % = (i + a sin 3~) ~i,- (6) 

w h e r e  
0 O 0  GO , - -  

9 ~ , a ~  . . . .  ~, ~ C B . ,  ~ B~/,~),~ ' B~/"  ~ I / "  
- 3 " , ~ B = ' - 2 ; , ,  1 + " a = ~ .  s i n  3 ~  = 2 o i  ~ ~ -  - 1  

In the space of the prIncipal s t resses  the surface W = coast, according to relation (6 ) ,  i s  a nonoiroular 
c y l i n d e r  wi th  an  ax is  co inc id ing  with the h y d r o s t a t i c  ax i s ;  the v e c t o r  o f  the d e f o r m a t i o n  v e l o c i t y  is o r thogona l  
to file s u r f a c e  W = cons t .  As the  d i f f e r ence  be tween  B1 and B2 d e c r e a s e s  r e l a t i o n  (6) aga in  r e d u c e s  to the  
Mises  c r i t e r i o n .  In Fig .  3 the  n u m b e r  3 deno tes  the con tour  W = c o n s t  c o n s t r u c t e d  f r o m  r e l a t i o n  (6) with 
c h a r a c t e r i s t i c s  (3), and the t h e o r e t i c a l  va lue s  of  the r a t e  of  d e f o r m a t i o n  f r o m  these  r e l a t i o n s  a r e  shown in 

c o l u m n s  ~3 and  ~ 3 of  T a b l e  1. 

An e x a m p l e  o f  a p i e c e w i s e - l i n e a r  funct ion o f  the  def ining equat ion  which  is a na tu ra l  g e n e r a l i z a t i o n  of  
the m a x i m u m  tangen t ia l  s t r e s s  c r i t e r i o n  is the r e l a t i on  

a% [ B, ~ *,',, 
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In the space  of the pr Inc ipa l  s t r e s s e s  the su r face  W = const  in this case  is an i r r e g u l a r  p r i sm.  As B i 
app roaches  B2 c r i t e r i o n  (7) r educes  to the m a x i m u m  tangent ia l  s t r e s s  c r i t e r i o n  a l r eady  ment ioned above. In 
Fig. 3 the number  4 denotes  the contour  W = const  co r r e spond ing  to r e la t ion  (7), and the calcula ted values  of 
the de fo rma t ion  r a t e s  a r e  shown in columns Ha and ~4 of Tab le  1. 

It can be seen  f rom Fig. 3 and Tab l e  1 that  all  the four types  of re la t ions  (4)-(7) r e p r e s e n t e d  there  in 
the reg ion  of the s t r e s s e d  s ta tes ,  co r r e spond ing  to  d i f ferent  combinat ions  of tension (compress ion)  - tw i s t ing ,  
a r e  c lose  to one another ,  and it is imposs ib le  to e s t ab l i sh  the advantage of any of them f r o m  these  e x p e r i -  
men t s .  Moreove r ,  r e la t ions  (4) and (6), which r e p r e s e n t  a genera l iza t ion  of the Mises  c r i t e r i on  due to the in-  
t roduct ion  of e i ther  the f i r s t  invar ian t  I 1 or  the th i rd  invar ian t  S 3 r e spec t ive ly ,  give p rac t i ca l ly  the s ame  r e -  
sul ts  for  this  reg ion  of the s t r e s s e d  s ta tes .  The  s a m e  appl ies  to re la t ions  (5) and (7), Which genera l i ze  the 
m a x i m u m  shea r  c r i t e r i o n  in a s i m i l a r  way. We would expect  a big d i f ference  be tween them in reg ions  of 
other  s t r e s s  s ta tes .  

The  re la t ions  W = ~ (ae) r e p r e s e n t e d  above,  desc r ib ing  the s t e a d y - s t a t e  c r eep  p r o c e s s e s ,  can a l s o b e  
genera l i zed  to the ca se  of softening. We will  a s s u m e ,  as  in the case  of an i so t ropic  med ium [19], that  the 
damage  to the m a t e r i a l  leading to its softening is d i r ec t ly  propor t iona l  to the value of the work  d i ss ipa ted  in 

t 
i r r e v e r s i b l e  de fo rmat ions  A = f a i j q i j d t .  Using the methods  developed in [19] we will  wr i te  any of the r e l a -  

0 
t ions  (4)-(7) in the f o r m  

W = .4~, (oe) 
(A, - -  A)~ (8) 

with the addition of the flow law cor responding  to each  of the re la t ions  (4)-(7). F o r  example ,  as  it appl ies  to 
r e l a t i on  (4) we have 

(%) = l [ B  1 (i + 11/o 0 + B~ (1 - -  I1/ei)] ( i  n . 

In pa r t i cu la r ,  for  pure  tension and pure  c o m p r e s s i o n  we obtain 

AmBI~ ar id  W Am.B,j ~ o ]n 
W = ( A ~ ' - -  A)m ( A  -- A)m (9) 

In Fig. 4 the points 1 r e p r e s e n t  the r e s u l t s  of e x p e r i m e n t  on c r e e p  to f r a c t u r e  for pure  tension with 
= 21 k g / m m  2, f r o m  which, using the method desc r ibed  in [19], we de t e rmine  the deficient  c h a r a c t e r i s t i c s  

( assuming  that  they a r e  independent of the f o r m  of the s t r e s s e d  state) 

A .  = 10 kg/mmZ..m = 2. (10) 

The  continuous line r e p r e s e n t s , t h e  theore t i ca l  d i a g r a m  f r o m  the f i r s t  of r e l a t ions  (9), and points 2 r e p r e s e n t  
the r e s u l t s  of e x p e r i m e n t  for  pure  c o m p r e s s i o n w i t h  overloading.  The values  of  the c o m p r e s s i o n  s t r e s s e s  cr 
k g / m m  2 and the dura t ion  of the act ion Ath of each of them a r e  given in Tab l e  2. The  continuous line r e p r e -  
sents  the ca lcula ted  d i a g r a m  obtained f r o m  the second of r e la t ions  (9), with the s ame  c h a r a c t e r i s t i c s  (10), ob-  
tained f r o m  e x p e r i m e n t s  on tension.  

In Fig. 5 the points r e p r e s e n t  the r e s u l t s  of two e x p e r i m e n t s  on tension with twist ing for  a i  = 21.1 
k g / m m  2 (a  = 19.49 k g / m m  2, and r = 4.66 k g / m m  z) and a i  = 18.05 k g / m m  2 (a  = 15.63 k g / m m  2, and r = 
5.21 k g / m m  2 ). The  ra t ios  of the c r e e p  de fo rma t ion  i nc r emen t s  we re  kept  unchanged during the expe r imen t  
p rac t i ca l ly  up to f r ac tu re ,  and had the values  Ae/A T = 1.48 for  the f i r s t  and A e / A y  = 1.1 for the second,  
which is quite close to the cor responding  va lues  of the r a t io s  a / 3 ~ .  The  continuous and dashed curves  show 
the theo re t i ca l  d i a g r a m s  f r o m  (8) with ~0 (ae) spec i f ied  by  re la t ions  (6) and (7), r espec t ive ly .  
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TABLE 2 

At, h 18~ [ 
ff 

~, kmg/m z i5 

" [ I1 i 269 226 i34  B3 300  

16,5 18 ] t9,5 ] 2i ] 23,5 

It follows f r o m  Figs.  4 and 5 that  as  in the ca se  of the c r e e p  of i so t rop ie  media  taking softening and 
f r a c t u r e  into account ,  in med ia  with d i f ferent  p r o p e r t i e s  for  tens ion and c o m p r e s s i o n  the defining equation (8) 
can  be  wr i t t en  in the f o r m  W = r  ) r (A),  where  al l  the d i f fe rences  in the behav io r  of the materLal  a r e  r e -  
f lec ted  in the function r ( a e  ). 

t 
The  quantity A = f ai j  ~ij dt is  an i so t ropic  softening p a r a m e t e r  which with suff icient  a c c u r a c y  for 

0 

p r a c t i c a l  pu rpose s  can  be a s s u m e d  to be independent of the shape of the s t r e s s e d  s ta te  and can be found, as  
in the case  of an i so t rop ic  m a t e r i a l ,  by expe r imen t s  on s t re tching.  

All the re la t ions  (4)-(7) given above and the co r respond ing  genera l i za t ions  to the case  of softening were  
cons t ruc ted  taking into account  the c h a r a c t e r i s t i c s  of the m a t e r i a l  obtained only f rom expe r imen t s  on pure  
tens ion or  pure  compres s ion .  I t  can be s een  that  these  re la t ions  a s s u m e  a monotonic i nc rea se  in the va lues  
of ~i  or  Tm when the s t r e s s e d  s ta te  changes  f rom pure  tension to twisting,  and fur ther  to c o m p r e s s i o n  along 
the contour  W = const .  Otherwise  when gi  = const  the intensi ty of the p r o c e s s  in s t re tch ing  W + will  be  
g r e a t e r  than  in twist ing W ~ and g r e a t e r  than in c o m p r e s s i o n ,  i .e. ,  i t  is a s s u m e d  that the s i tuat ion r e p r e -  
sented in Fig. 1 for VT-9  m a t e r i a l  is rea l ized .  In fact  the inequali ty W + > W ~ > W- is not a lways sat isf ied.  
Thus ,  it can be  seen  f rom Fig. 2 that  for  OT-4 m a t e r i a l  c r eep  is e s t ima ted  in the fo rm of the inequality W § = 
W ~ > W- for  the s a m e  va lues  of a i  in tension,  twist ing,  and compres s ion .  We can give an example  when the 
va lues  of the p r o c e s s e s  dur ing shea r  W ~ even lie outside the range  of W- and W § , i .e . ,  we have W- <W § < 
W ~ [14]. Th i s  fact  is obviously a spec i f ic  fea ture  of m a t e r i a l s  pos se s s ing  di f ferent  p r o p e r t i e s  for  tens ion and 
c o m p r e s s i o n :  The shea r  c h a r a c t e r i s t i c s  of the m a t e r i a l  m u s t  be  r ega rded  as  independent " ce r t i f i c a t e  data" 
and the defining equations m u s t  be  cons t ruc ted  on the b a s i s  of th ree  c h a r a c t e r i s t i c s :  tension,  compres s ion ,  
and shea r .  In this  s ense  re la t ions  (4)-(7) given above m u s t  be  r ega rded  as  a f i r s t  approximat ion .  
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L O W E R  L I M I T  TO T H E  S T R E N G T H  OF S U R F A C E  

F O R C E S  IN T H E  CASE OF P L A N E  S T R A I N  OF 

AN I D E A L  R I G I D - P L A S T I C  MEDIUM 

A. E. A l e k s e e v  UDC 539.214;539.374 

A lower limit to the strength of surface forces based on the use of a statically permissible s t ress  field 
follows from the extremum theorems of an ideal r igid-plastic medium [1]. It is also known that the s t ress  
field in a r igid-plastic medium with a convex plasticity condition is unique in those zones in which the de- 
formation ra tes  are  different from zero  [2]. It is shown in this paper that there  exists for the class of prob- 
lems in which a functional corresponding to the lower limit of the strength of the external surface forces is 
nonidentically equal to a constant on a set of statically permissible s t ress  fields a s t r e s s  field which yields 
a maximum of this functional. 

1. Let 2 be a region with a piecewise-continuous boundary S on the (x, y) plane, and let rues(2)  < ~.  
A s t ress  field ( a x ,  ay, w) which is continuous and continuously differentiable, satisfies the equilibrium con- 
ditions in ~2 

a~x a~ a~ 0% 
o-'7 § ~ § I= = 0, ~ § ~ + / v =  0, (1.1) 

and the boundary conditions on par t  of the boundary S a 

r = (~:r § %n~ § 2"rn,:n u = g(S), 

and does not violate the plasticity condition in "~ = ~ + S, 

t r %2 Ts (1.3) 

is called statically permissible.  

A velocity field (tb v) which satisfies the incompressibili ty condition in ~2 

ou av = 0 (1.4) 

and the boundary conditions on the part  of the boundary Su = S - S~ 

u = u o ( S ) ,  v = v o ( S )  (1.5) 
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